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Abstract
The sequentially pure projective dimension of a global group with a decomposition basis
is computed in terms of a structural property that generalizes the earlier treatment of p-local
torsion groups by Fuchs and Hill. As a corollary, it is established that a global group with a
decomposition basis and cardinality ℵn, for some nonnegative integer n, has sequentially pure
projective dimension not exceeding n.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Throughout we consider only additively written abelian groups, and G will always
denote such a group. The possibility that G is a nonsplit mixed group is not excluded;
that is, G may contain elements of both <nite and in<nite orders and the torsion
subgroup of G is not necessarily a summand. At times we refer to G as a global
group, where the redundant adjective “global” serves to distinguish the groups we
study from the class of p-local groups, the simpler context in which much of the
structure theory of mixed groups was <rst developed. In this paper, we generalize the
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dimension theory of p-local torsion groups, as treated by Fuchs and Hill in [2], to
obtain a more general global result. Our main theorem can be stated as follows.
Theorem 6.3. Suppose that G is a global group with a decomposition basis and
that n is an arbitrary positive integer. Then, dimG6 n if and only if G has an
H (ℵn−1)-family of almost strongly ℵn−1-separable subgroups.
Here, dimG denotes the sequentially pure projective dimension of G, which reduces
to the more familiar balanced-projective dimension in the case when G is a p-local
torsion group. Moreover, every torsion group is trivially a group with a decomposition
basis. As a result, the main Theorem 4.5 of [2] for p-local torsion groups follows
directly from our Theorem 6.3. However, as we shall see, the generalization from the
p-local torsion case to the global case is by no means routine. In an attempt to make
this paper as self-contained as possible, we devote the rest of this introduction to an
explanation of the terminology used in stating Theorem 6.3, as well as some of the
concepts needed to obtain its proof.
Recall that a group is simply presented if it can be presented by generators and
relations where each relation is of the form mx=y or mx=0, with m a positive integer.
By de<nition, a global War7eld group is a direct summand of a simply presented
group. In the torsion and torsion-free settings, a summand of a simply presented group
is again simply presented; however, it is well known that a global War<eld group is
not necessarily simply presented. One important property of a global War<eld group
G is the existence of a decomposition basis; that is, an independent subset X ={xi}i∈I
of G where each xi has in<nite order, G=〈X 〉 is torsion, and
⊕
i∈I 〈xi〉 is a valuated
coproduct in the following sense: if J is a <nite subset of I and if {mj}j∈J is a










for all rational primes p. Here, |x|p denotes the p-height of x (as computed in G).
Thus, |x|p is the smallest ordinal  such that x ∈ p+1G, and if no such  exists, we
set |x|p=∞. The class of global groups with decomposition bases is quite general and
contains, but is not restricted to, the class of all global War<eld groups. In the extreme
cases, every completely decomposable torsion-free group and every torsion group have
decomposition bases (where in the latter case, the empty set is a decomposition basis).
Here, and in the sequel,  denotes an arbitrary in<nite cardinal. Following [2], a
collection C of subgroups of G is called an H ()-family in G if the following three
conditions are satis<ed:
(H0) C contains the trivial subgroup 0.
(H1) If {Ni}i∈I ⊆ C, then
∑
i∈I Ni ∈C.
(H2) If N ∈C and if A is any subgroup of G with |A|6 , then there is an M ∈C
such that N + A ⊆ M and |M=N |6 .
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It will also be convenient to consider more general families of subgroups. First, if C
satis<es conditions (H0), (H2) and the additional condition
(G1) C is closed under unions of ascending chains,
then C is called a G()-family in G. For example, the set of all pure subgroups of G
is a G()-family in G for all . More generally, a collection {G}¡ of subgroups of
G indexed by an ordinal  is called an F()-family if
0 = G0 ⊆ G1 ⊆ · · · ⊆ G ⊆ · · · (¡)
is a smooth ascending chain such that G =
⋃
¡ G and |G+1=G|6  for all ¡.
Clearly, every H ()-family is a G()-family, and every G()-family contains an F()-
family. It will also be important to observe that Fuchs and Hill [2, Lemma 1.2]
show that any <nite intersection of H ()-families (respectively, G()-families) is an
H ()-family (respectively, a G()-family).
Let O∞ denote the class of ordinals with the symbol ∞ adjoined as a maximal ele-
ment, with the convention that ∞¡∞. If P is the set of rational primes, a height ma-
trix is any doubly in<nite P×!0 matrixM=[mp;i], where mp;i ∈O∞ and mp;i ¡mp;i+1
for all p∈P and i¡!0. By a height sequence, we mean any sequence K={i}i¡!0 in
O∞ with the property that i ¡i+1 for all i¡!0. Thus, the p-row Mp of the height
matrix M is a height sequence. The set of positive integers acts multiplicatively on the
classes of height matrices and sequences in the usual way: if pj is the largest power of
the prime p that divides the positive integer n, then (nM)p = n(Mp) = {mp;i+j}i¡!0 .
Also, the ordering of O∞ induces in a pointwise manner the lattice relations 6 and
∧ on the classes of height matrices and sequences. To each x∈G, we associate the
height matrix ‖x‖ whose (p; i)-entry is |pix|p. With this notation, we have the fa-
miliar triangle inequality: ‖x‖ ∧ ‖y‖6 ‖x + y‖ for all x and y in G. At times we
aLx superscripts to p-heights and height matrices of group elements to emphasize
the group in which heights are computed. For example, if H is a subgroup of G,
‖x + H‖G=H denotes the height matrix of the coset x + H as computed in G=H , and
if h∈H and p is a prime, the meanings of |h|Hp and ‖h‖H should be clear. When no
superscripts are aLxed, heights are understood to be computed in the largest containing
group G.
Continuing to assume that  is an in<nite cardinal, we call a subgroup H of G locally
-separable if to each prime p and g∈G, there corresponds a subset C ⊆ H such that
|C|6  and the following property is satis<ed: for each h∈H , |g+ h|p6 |g+ c|p for
some c∈C.
Denition 1.1. A subgroup H of the global group G is said to be almost strongly
-separable in G if it is locally -separable in G and satis<es the following property:
to each g∈G there corresponds a subset C ⊆ H such that |C|6  and, for each h∈H ,
‖m(g+ h)‖6 ‖m(g+ c)‖ for some positive integer m and c∈C.
These notions of -separability were used by us in [8,9] in the special case where
 = ℵ0.
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Properties of knice subgroups will be used extensively in the remainder of the paper.
For the de<nition of a knice subgroup, we require the auxiliary notions of primitive
element and ∗-valuated coproduct. For every height matrix M = [mp;i], let G(M)
denote the subgroup of G consisting of all x with ‖x‖¿M. Two height matrices M
and N are said to be quasi-equivalent, and we write M ∼ N, if there are positive
integers m and n such that mM¿N and nN¿M. If M is now any height matrix
not quasi-equivalent to ∞, the height matrix with all entries ∞, we de<ne G(M∗) =
〈x∈G(M) : ‖x‖  M〉. On the other hand, if M ∼ ∞ we let G(M∗) be the maximal
torsion subgroup of G(M). For every height sequence K={i}i¡!0 and p∈P, G( K∗; p)
is the subgroup generated by those x such that ‖x‖p¿ K but |pix|p = i for in<nitely
many i¡!0. Finally, we set G(M∗; p) = G(M) ∩ [G(M∗) + G(M∗p; p)].
Denition 1.2. Call an element x∈G primitive if for each height matrix M, prime p
and positive integer n, nx∈G(M∗; p) implies that either ‖x‖  M or |pinx|p = mp;i
for in<nitely many i¡!0.
It is clear that a primitive element must have in<nite order.
Denition 1.3. A direct sum A =
⊕
i∈I Ai of subgroups of G is called a ∗-valuated
coproduct if A∩F =⊕i∈I (Ai ∩F) for every subgroup F of the form G(M), G(M∗),
G( K∗; p) and G(M∗; p).
As noted in [5,6], a subset X of G is a decomposition basis for G if and only if
each x∈X is primitive, ⊕x∈X 〈x〉 is a ∗-valuated coproduct and G=〈X 〉 is torsion.
Knice subgroups of global groups were introduced in [5] and were used in [6] to
give a characterization of global War<eld groups in the spirit of Hill’s familiar in<nite
combinatorial description of simply presented torsion groups in terms of nice subgroups.
However, in the present context, a re<ned version of niceness more suited to the global
setting is needed. Here, and throughout the remainder of this paper, a subgroup N of
G is called a nice subgroup if for each prime p and ordinal , the cokernel of the
inclusion map
(pG + N )=N  p(G=N )
contains no element of order p.
Denition 1.4. A subgroup N of G is a knice subgroup if the following conditions are
satis<ed.
(a) N is a nice subgroup of G.
(b) To each <nite subset S of G there corresponds a (possibly empty) set of primitive
elements {x1; x2; : : : ; xn} such that
N ′ = N ⊕ 〈x1〉 ⊕ 〈x2〉 ⊕ · · · ⊕ 〈xn〉
is a ∗-valuated coproduct and 〈S; N ′〉=N ′ is <nite.
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One reason why knice subgroups will be important for us is revealed by the next
theorem.
Theorem 1.5 (Hill and Megibben [6] and Megibben and Ullery [8]). The following
statements are equivalent for a global group G.
(a) G is a global War7eld group.
(b) There is an H (ℵ0)-family in G consisting of knice subgroups.
(c) There is a G(ℵ0)-family in G consisting of knice subgroups.
(d) There is an F(ℵ0)-family in G consisting of pure knice subgroups.
Proof. The equivalence of items (a), (b) and (c) is established by Theorem 3.2 of [6].
That (a) and (d) are equivalent is a consequence of Theorem 2.5 of [8].
We also note an important characterization of knice subgroups. As in [5], a global
group is called a k-group if the trivial subgroup 0 is a knice subgroup.
Proposition 1.6 (Hill and Megibben [6, Proposition 1.7]). A subgroup N of G is a
knice subgroup if and only the following three conditions are satis7ed.
(a) N is a nice subgroup of G.
(b) To each g∈G there corresponds a positive integer m such that the coset mg+N
contains an element x with ‖x‖G = ‖mg+ N‖G=N .
(c) G=N is a k-group.
Using Proposition 1.6, it is possible to show that any pure knice subgroup of G is
almost strongly -separable in G for all in<nite cardinals  (see [9, Remark 3.2]). We
also note that any group with a decomposition basis is a k-group.
We conclude this section with a discussion of sequential purity and the sequentially
pure projective dimension of global groups. Following [6,10], a short exact sequence
H  G  K is sequentially pure if, for every height matrix M, the induced sequence
0 → H (M) → G(M) → K(M) → 0 is exact. Then, if H is a subgroup of G, H is
called a sequentially pure subgroup provided that the exact sequence H  G  G=H
is sequentially pure. These notions give rise to a relative homological algebra. The
category of sequentially pure exact sequences has enough projectives, and these are
precisely the global War<eld groups (see [6, Theorem 3.2]). The sequentially pure
projective dimension dimK of a global group K is then de<ned as expected: there is
an exact sequence
· · · −→ An ’n−→An−1 −→ · · · −→ A1 ’1−→A0 ’0−→K −→ 0;
where, for each n¡!0, An is a global War<eld group and, if n¿ 1, ’n(An) is a
sequentially pure subgroup of An−1. We then set dimK = n, where n is the smallest
nonnegative integer with ’n(An) a global War<eld group. If no such n exists, we set
dimK =∞. Thus, K is a global War<eld group if and only if dimK = 0. Moreover,
since direct sums and direct summands of global War<eld groups are again global
War<eld groups, an obvious version of Schanuel’s Lemma guarantees that dimK is
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well de<ned for all global groups K . As shown in [6, Proposition 1.9], the subgroup
H of G is isotype and knice if and only if G=H is a k-group and H is sequentially
pure in G. (Recall that H is isotype in G if H ∩ pG = pH for all primes p and
ordinals .) Also, every isotype knice subgroup of a k-group is again a k-group by [6,
Theorem 2.8]. Therefore, in the special case where K is a global k-group, ’n(An) is
an isotype knice subgroup of An−1 for all n¿ 1. In [9], we determined the structure
of those global k-groups K with dimK6 1. However, assuming that K is merely a
k-group (as opposed to a global group with a decomposition basis) complicates matters
considerably.
2. Isotype knice subgroups of global groups with decomposition bases
To carry out an inductive proof of Theorem 6.3, we need a result that ensures that
if H is an isotype knice subgroup of a global group G, then H has a decomposition
basis provided that both G and G=H have decomposition bases. In order to prove
this, we require some technical preliminaries. If H ⊕ K is a ∗-valuated coproduct in
G, we follow [6] and say that a subgroup A is quasi-splitting along H and K if
A=((A ∩ H)⊕ (A ∩ K)) is torsion.
Lemma 2.1. Suppose that H ⊕K is a ∗-valuated coproduct in a global group G and
that G has an in7nite decomposition basis X with X ⊆ H ⊕ K . Then, there is a
smooth ascending chain
0 = A0 ⊆ A1 ⊆ · · · ⊆ A ⊆ · · · (¡)
of subgroups of H ⊕ K such that 〈X 〉 = ⋃¡ A and the following conditions are
satis7ed for all ¡.
(1) A is generated by a subset of X .
(2) A+1=A is countable.
(3) A is quasi-splitting along H and K.
Proof. Let X = {x}¡ be a well-ordering of X . We shall construct inductively the
required chain that satis<es conditions (1)–(3) together with the additional condition
that
(4) x! ∈A for all !¡.
Beginning with A0 = 0, suppose that for some ordinal "¡ we have constructed a
smooth ascending chain
0 = A0 ⊆ A1 ⊆ · · · ⊆ A ⊆ · · · (¡")
that satis<es conditions (1), (3) and (4), with (2) holding whenever +1¡". We com-
plete the induction by exhibiting an A" so that the extended chain {A}6" continues
to satisfy all the desired properties.
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If " is a limit ordinal, we simply set A" =
⋃
¡" A and observe that, in this case,
conditions (1), (3) and (4) hold (with  replaced by "), while (2) is satis<ed for all
¡". So, suppose that " is isolated, say "= + 1, where A satis<es conditions (1),
(3) and (4). To carry out the construction of a suitable A+1, we <rst obtain by a
routine induction two ascending sequences {Fn}n¡!0 and {Sn}n¡!0 of <nite subsets of
H ⊕ K that satisfy the following three conditions for all n¡!0.
(a) Fn ⊆ X with F0 = {x}.
(b) 〈Fn〉 ⊆ 〈Sn〉 and Sn = (Sn ∩ H) ∪ (Sn ∩ K).
(c) 〈Sn; Fn+1〉=〈Fn+1〉 is <nite.
Now let F=
⋃
n¡!0 Fn and set A+1=A+〈F〉. It is clear that A+1 satis<es conditions
(1) and (4) (with  replaced by +1) and that A+1=A is countable. Thus, it remains
to verify that A+1 is quasi-splitting along H and K . To see this, suppose that x∈A+1
and write x = y + z where y∈A and z ∈ 〈F〉. It suLces to show that both y and z
have <nite order modulo a subgroup of B=(A+1 ∩H)⊕ (A+1 ∩K). First, y certainly
has this property since y has <nite order modulo (A ∩ H) ⊕ (A ∩ K) ⊆ B. On the
other hand, z ∈ 〈Fn〉 for some n so that z ∈ 〈Sn〉. It now follows easily from conditions
(b) and (c) that z has <nite order modulo (〈Fn+1〉 ∩ H)⊕ (〈Fn+1〉 ∩ K) ⊆ B.
At this juncture, it is convenient to recall some relevant properties of k-basic sub-
groups. The precise de<nition of a k-basic subgroup will not be reviewed here; all we
require is encompassed by the following result.
Lemma 2.2 (Hill and Megibben [6]). The following hold in any global group G:
(i) If {xi}i∈I is a collection of primitive elements of G and if C =
⊕
i∈I 〈xi〉 is a
∗-valuated coproduct, then C is k-basic in G.
(ii) If the subgroup C is k-basic in G and if C′ is a subgroup of C with C=C′ torsion,
then C′ is k-basic in G.
(iii) If the ∗-valuated coproduct H ⊕ K is k-basic in G, then H is k-basic in G.
(iv) If C is countable and k-basic in G, then there exists a collection X = {xi}i∈I of
primitive elements of G such that 〈X 〉 =⊕i∈I 〈xi〉 is a ∗-valuated coproduct in
G, X ⊆ C and C=〈X 〉 is torsion.
Proof. Items (i) and (ii) are respectively parts (1) and (2) of [6, Proposition 2.2],
while (iii) appears in [6, Remark 2.9]. Finally, (iv) is observed in the proof of [6,
Theorem 2.10].
If X = {xi}i∈I is a decomposition basis for G and if {mi}i∈I is a collection of
positive integers, recall that {mixi}i∈I is called a subordinate of X . It is clear that any
subordinate of a decomposition basis is also a decomposition basis.
Theorem 2.3. Suppose that H is an isotype knice subgroup of a global group G. If
both G and G=H have decomposition bases, then H has a decomposition basis.
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Proof. Let XG and XG=H be decomposition bases for G and G=H , respectively. If XG
is <nite, then H has <nite torsion-free rank. Moreover, since G is a k-group and H is
an isotype knice subgroup of G, H is itself a k-group by [6, Theorem 2.8]. As it is
clear that any k-group of <nite torsion-free rank has a decomposition basis, we may
assume that XG is in<nite.
If XG=H = {gi + H}i∈I , then each gi + H is primitive in G=H and
⊕
i∈I 〈gi + H 〉
is a ∗-valuated coproduct. Thus, since H is knice in G, we can replace each gi + H
by a nonzero multiple and then select a yi in each gi + H such that yi is a primitive
element of G and H ′ = H ⊕ (⊕i∈I 〈yi〉) is a ∗-valuated coproduct. Because G=H is
torsion modulo 〈XG=H 〉, it is clear that G=H ′ is torsion. So, there is a subordinate X ′G
of XG with X ′G ⊆ H ′. Therefore, Lemma 2.1 applies to H⊕K after we change notation
by setting K =
⊕
i∈I 〈yi〉 and X = X ′G.
Select a smooth ascending chain of subgroups {A}¡ of H ⊕ K satisfying all of
the conditions of Lemma 2.1. For each , we exhibit a subgroup C of G such that
(a) C is a countable subgroup of H that is k-basic in G,
(b) (A ∩ H)⊕ C is a ∗-valuated coproduct in G, and
(c) (A ∩ H)⊕ C ⊆ A+1 ∩ H with (A+1 ∩ H)=((A ∩ H)⊕ C) torsion.
If such C’s can be found, then C=
⊕
¡ C will be a ∗-valuated coproduct in G with
H=C torsion. Then, by Lemma 2.2(iv), for each  we obtain a collection X={xi: i∈ I}
of primitive elements of G such that 〈X〉=
⊕
i∈I 〈xi〉 is a ∗-valuated coproduct in G
with C=〈X〉 torsion. If we take I =
⋃
¡ I and XH = {xi: i∈ I}, 〈XH 〉 =
⊕
i∈I 〈xi〉
is a ∗-valuated coproduct in G with H=〈XH 〉 torsion. However, since H is knice and
isotype in G [7, Corollary 2.6, Proposition 2.8] and the remark at the beginning of
the proof of [7, Proposition 2.9] imply that an element of H that is primitive in G
is primitive in H , and a direct sum in H that is ∗-valuated in G is ∗-valuated in H .
Therefore, XH is a decomposition basis for H .
To complete the proof of the theorem, we need to show how the C’s are constructed.
We proceed as in the proof of [6, Theorem 2.10]. First, for a given , we obtain a
∗-valuated coproduct A+1=A⊕D, where D is generated by an appropriate countable
subset of X . Next choose D′ in D maximal with respect to the condition that
(A ∩ H)⊕ (A ∩ K)⊕ D′ ⊆ (A+1 ∩ H)⊕ (A+1 ∩ K):
Now set C=(A+1∩H)∩((A∩K)⊕D′). It is clear that C is a countable subgroup of
H . Indeed, D′ is countable and the restriction to C of the projection of (A∩K)⊕D′
onto D′ is injective. Next observe that condition (b) is satis<ed: since A ⊕ D and
(A∩H)⊕ (A∩K) are ∗-valuated coproducts, so is (A∩H)⊕ (A∩K)⊕D′. Because
C ⊆ (A ∩ K)⊕ D′, it follows that (A ∩ H)⊕ C is ∗-valuated.
We claim that D=D′ is torsion. Indeed, if this were not the case, there would be a
d∈D such that md ∈ D′ for all positive integers m. However, d∈A+1 implies that
m′d∈ (A+1 ∩ H) ⊕ (A+1 ∩ K) for some positive integer m′. But this contradicts the
maximality of D′ because
(A ∩ H)⊕ (A ∩ K)⊕ 〈D′; m′d〉 ⊆ (A+1 ∩ H)⊕ (A+1 ∩ K):
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Therefore, D=D′ is torsion as claimed. Moreover, since A+1 = A ⊕D, the fact that
A is quasi-splitting along H and K implies that
A+1=((A ∩ H)⊕ (A ∩ K)⊕ D′)
is torsion. Condition (c) now follows since A+1 ∩ H is torsion modulo
(A+1 ∩ H) ∩ ((A ∩ H)⊕ (A ∩ K)⊕ D′)
and the latter group is (A ∩ H)⊕ C.
It remains to show that C is k-basic in G. Since A+1 is k-basic by Lemma 2.2(i),
the fact that A+1 is quasi-splitting along H and K and Lemma 2.2(ii) imply that
(A+1 ∩ H) ⊕ (A+1 ∩ K) is k-basic. In turn, A+1 ∩ H is k-basic in G by Lemma
2.2(iii). Then condition (c) and Lemma 2.2(ii) imply that (A ∩ H) ⊕ C is k-basic,
and another application of Lemma 2.2(iii) completes the proof.
3. Lemmas on almost strongly -separable subgroups
In this section, we collect a few results regarding almost strongly -separable sub-
groups that will be required frequently in Section 5. We begin by recalling the notions
of compatibility introduced by us in [8]. First, we call the subgroups H and N of
G locally compatible in G if, for each pair (h; x)∈H × N and prime p, there exists
an x′ ∈H ∩ N such that |h + x|p6 |h + x′|p. Furthermore, we call H and N almost
strongly compatible in G, and write H ‖N , if H and N are locally compatible and
for each pair (h; x)∈H × N there is an x′ ∈H ∩ N and a positive integer m such that
‖m(h+ x)‖6 ‖mh+ x′‖. It is routine to verify that both local compatibility and almost
strong compatibility are symmetric inductive relations. In particular, if {N}¡ is a
chain of subgroups in G with H ‖N for all , then H ‖N where N =
⋃
¡ N.
Lemma 3.1. Suppose H is almost strongly -separable in G. If A is a subgroup of
G with |A|6 , there is a subgroup B of G that contains A with |B|6  and H ‖B.
Proof. Since H is almost strongly -separable in G, for each a∈A, there is a subgroup
Ca ⊆ H with |Ca|6  and such that the following conditions are satis<ed.
(1) For each prime p and h∈H , there exists c∈Ca such that |a+ h|p6 |a+ c|p.
(2) For each h∈H there exists d∈Ca such that ‖m(a + h)‖6 ‖m(a + d)‖ for some
positive integer m.
Set C = (
⋃
a∈A Ca) and A1 = 〈A; C〉. Notice that |A1|6  and for each a∈A the
following conditions are satis<ed.
(1′) For each prime p and h∈H , there exists c∈H ∩A1 such that |a+h|p6 |a+ c|p.
(2′) For each h∈H , there exists c′ ∈H ∩ A1 such that ‖m(a + h)‖6 ‖ma + c′‖ for
some positive integer m.
Note that (2′) follows from (2) by our assumption that each Ca is a subgroup of H .
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By repeated applications of the above construction, we obtain an ascending sequence
A= A0 ⊆ A1 ⊆ · · · ⊆ An ⊆ · · · (n¡!0)
of subgroups of G with |An|6  for all n and such that, for any a∈An, h∈H and
prime p, there exist elements c and c′ in H ∩ An+1 such that |a+ h|p6 |a+ c|p and
‖m(a+ h)‖6 ‖ma+ c′‖ for some positive integer m. Then, B=⋃n¡!0 An contans A,
has cardinality not exceeding  and is almost strongly compatible with H .
Lemma 3.2 (Megibben and Ullery [8, Proposition 4.5]). Suppose that H is a sub-
group of G and that N is a pure knice subgroup of G with H ‖N in G. If M is
a subgroup of G that contains N and if ((H + N )=N ) ‖ (M=N ) in G=N , then H ‖M
in G.
Lemma 3.3. Let H be a subgroup of the global group G and suppose that CG is a
G()-family in G consisting of pure knice subgroups. If C = {N ∈CG :H ‖N} and
if (H + N )=N is almost strongly -separable in G=N for each N ∈CG, then C is a
G()-family in G.
Proof. First note that C contains the trivial subgroup 0 and is closed under unions of
ascending chains since almost strong compatibility is an inductive relation. Thus, to
complete the proof we need to show that if N ∈C and if A is subgroup of G with
|A|6 , then there is a subgroup N ′ ∈C with N + A ⊆ N ′ and |N ′=N |6 .
To obtain a suitable N ′, we construct inductively ascending sequences {Nn}n¡!0 and
{Mn}n¡!0 of subgroups of G such that the following three conditions are satis<ed for
all n¡!0.
(i) Nn ∈CG and H ‖Mn.
(ii) N + A ⊆ N0 ⊆ Nn ⊆ Mn ⊆ Nn+1.
(iii) |Nn=N |6  and |Mn=N |6 .
To see that the induction can be carried out, we <rst use the hypothesis that CG is
a G()-family and the fact that N ∈CG to select N0 ∈CG such that N + A ⊆ N0 and
|N0=N |6 . Now suppose that Nn ∈CG has been constructed for some n¡!0 with
N0 ⊆ Nn and |Nn=N |6 . We need to demonstrate how one obtains an Nn+1 ∈CG
with |Nn+1=N |6  and an Mn so that conditions (i)–(iii) are satis<ed. To obtain Mn,
apply Lemma 3.1 and the hypothesis that (H + N )=N is almost strongly -separable
in G=N to obtain a subgroup Mn=N of G=N that contains Nn=N with |Mn=N |6  and
((H + N )=N ) ‖ (Mn=N ). Then by Lemma 3.2, H ‖Mn. Again using the fact that CG is
a G()-family in G, we choose Nn+1 ∈CG such that Mn ⊆ Nn+1 and |Nn+1=N |6 .




n¡!0 Mn and observe that
condition (i) implies that both N ′ ∈CG and H ‖N ′. Therefore, the proof is complete
since N ′ ∈C, N + A ⊆ N ′ and |N ′=N |6 .
Lemma 3.4. Suppose that H is an isotype subgroup of G and that N is an almost
strongly -separable subgroup of G. If H ‖N in G and if H ∩ N is pure in H, then
H ∩ N is almost strongly -separable in H.
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Proof. We <rst show that H ∩ N is locally -separable in H . For a given p∈P and
h∈H , there is a subset K of N such that |K |6  and, for each x∈N , there exists
y∈K such that |h + x|Gp6 |h + y|Gp . By local compatibility, for each such y∈K we
may select and <x a single y′ ∈H ∩ N such that |h + y|Gp6 |h + y′|Gp . Therefore, if
x∈H ∩ N , there is a y∈K and a y′ ∈H ∩ N (now uniquely determined by y) such
that
|h+ x|Hp = |h+ x|Gp6 |h+ y|Gp6 |h+ y′|Gp = |h+ y′|Hp :
Thus, the set K ′ = {y′: y∈K} forms a subset of H ∩ N such that |K ′|6  and has
the property that, for each x∈H ∩N , there is a y′ ∈K ′ with |h+ x|Hp 6 |h+ y′|Hp . We
conclude that H ∩N is locally -separable in H . Using the purity of H ∩N and the full
force of the hypothesis that H ‖N , the proof that H ∩ N has the necessary properties
relative to height matrices is similar.
4. Families of almost strongly -separable subgroups
The Closed Set Method, introduced by Hill in [4], provides a means for converting
F(ℵ0)-families of appropriate sorts of subgroups into H (ℵ0)-families of the same sort
of subgroups. The method is not universally applicable and hence each application
requires ad hoc arguments. In this section, we generalize the version of the method
used in [1] to show that, for an arbitrary in<nite cardinal , any global group with an
F()-family of almost strongly -separable subgroups must have an H ()-family of
such subgroups.
Given an F()-family {G}¡ of subgroups of G, we may select and <x an asso-
ciated family {B}¡ of subgroups with |B|6  and G+1 =G+B for each ¡.
With the G and B in place, a subset S of  is called a closed subset if it enjoys the
following property: for each (∈ S,
B( ∩ G( ⊆
∑
{B : ∈ S and ¡(}:
With these preliminaries, it is a routine exercise to verify the following fundamental
facts.
(1) The empty set is closed.
(2) Arbitrary unions of closed subsets are closed.
(3) Each subset of  of cardinality not exceeding  is contained in a closed subset of
cardinality not exceeding .
We remark that (3) follows easily from the fact that G( =
∑
¡( B for all (¡.
With each subset S ⊆ , we associate the subgroup G(S)=∑{B: ∈ S}. Noting that∑
i∈I G(Si) = G(
⋃
i∈I Si), we see that (1), (2) and (3) imply that C = {G(S): S is a
closed subset of } is an H ()-family in G.
For a <xed S ⊆ , each nonzero x∈G(S) has a standard representation
x = b*(1) + b*(2) + · · ·+ b*(m)
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where *(i)∈ S and b*(i) is a nonzero element of B*(i) for i = 1; 2; : : : ; m,
*(1)¡*(2)¡ · · ·¡*(m)
and *(m) is minimal. Following [3], we let +(x) denote the least ordinal such that
x∈G+(x)+1. Then clearly, +(x)6 *(m). Our applications of the closed set method in-
volve inductions on +(x). As a result, the next lemma (implicit in [3] and explicit in
[9] in the case  = ℵ0) will prove to be indispensable. Since the cardinal  plays no
real role here, the proof is identical to the one given by us for Lemma 4.1 in [9].
Nevertheless, we include its short proof.
Lemma 4.1. If x=b*(1) +b*(2) + · · ·+b*(m) is a standard representation of a nonzero
x∈G(S) with S a closed subset of , then +(x) = *(m). In particular, +(x)∈ S.
Proof. We <rst prove that +(x)∈ S. Assume by way of contradiction that *=+(x) ∈ S.
Then we may write x = x0 + x1 where x0 ∈G(S) ∩G* and 0 = x1 ∈
∑{B: *¡ and
∈ S}. Select a standard representation x1 = b′((1) + · · · + b′((n). Since x1 ∈G*+1 and
* + 16 ((n),
b′((n) = x1 − (b′((1) + · · ·+ b′((n−1))
is an element of G((n)∩B((n) ⊆
∑{B: ∈ S and ¡((n)}. This, however, contradicts
the minimality of ((n), forcing us to conclude that +(x)∈ S.
As remarked above * = +(x)6 *(m), and we assume that equality has been estab-
lished for all nonzero y∈G(S) with +(y)¡+(x). Write x = y + b where y∈G* and
b∈B*. Since x∈G(S) and *∈ S implies that b∈G(S), we conclude that y∈G(S) and
we may assume that y = 0. Thus, we have a standard representation y=b′((1)+· · ·+b′((n)
where +(y)¡*. Therefore, our induction hypothesis yields ((n)=+(y)¡*. If we were
to have *¡*(m), then the representation x = b′((1) + · · ·+ b′((n) + b would contradict
the minimality of *(m).
Lemma 4.2. If {G}¡ is an F()-family in the global group G with each G a
locally -separable subgroup, then there is an H ()-family in G consisting of locally
-separable subgroups.
Proof. We let " denote the smallest ordinal of cardinality  and assume without loss
that |G+1=G| =  for all ¡. We now de<ne the appropriate subgroups B. For a
given ¡, select a set {xn}n¡" of representatives for the distinct cosets of G in G+1.
Since G is locally -separable in G, we have for each n¡" a subset {bn;k}k¡" ⊆ G
of cardinality at most  such that, for each y∈G and each prime p, there exists a
k ¡" such that |xn+y|p6 |xn+ bn;k |p. Then select B to be a subgroup of G+1 that
contains all the xn and all the bn;k with the property that |B|=. Clearly, G+1=G+B.
We maintain that the following special condition is satis<ed: if x∈G+1, y∈G and
p is a prime, then there exists a z ∈G with x + z ∈B and |x + y|p6 |x + z|p.
Indeed, for appropriate n¡" and y1 ∈G, x + y = xn + y1 and there is a k ¡" with
|xn + y1|p6 |xn + bn;k |p. Then, for z = (y − y1) + bn;k , z ∈G, x + z = xn + bn;k ∈B
and |x + y|p6 |x + z|p, as claimed.
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Given a closed subset S of , it suLces to show that G(S) is a locally -separable
subgroup of G. Thus, for g∈G \G(S), we are required to <nd a set {an}n¡" ⊆ G(S)
such that for each x∈G(S) and prime p, there is an n such that |g+ x|p6 |g+ an|p.
We shall establish this by induction on +(g), where we may assume that g is selected
in the coset g+G(S) with *= +(g) minimal. Notice then that * ∈ S, for if * were in
S, we would have x = y + b with y∈G* and b∈B*. Hence, y would be an element
of g+ G(S) with +(y)¡+(g), contradicting the choice of g.
Since G* is locally -separable in G, there is a subset {bn}n¡" ⊆ G* satisfying the
following condition: for each x∈G* and each prime p, there is an n¡" such that
|g+ x|p6 |g+ bn|p. Notice that +(bn)¡*= +(g) for each n and therefore our implicit
induction hypothesis implies that we have subsets {an;k}k¡" ⊆ G(S) such that for each
nonzero x∈G(S) and each prime p, there exists k ¡" with |bn + x|p6 |bn − an;k |p.
We maintain that the set {an;k}n¡";k¡" (of cardinality not exceeding ) has the
desired property that, for each nonzero x∈G(S) and prime p, there exists an (n; k)∈ "×
" such that |g+ x|p6 |g+an;k |p. The proof of this fact, however, requires a secondary
induction on the ordinal (=+(x). We shall <rst deal with the case (¡* which implies
that x∈G*. Thus, for each prime p, there is an n¡" such that |g+ x|p6 |g+ bn|p,
from which |g+x|p6 |bn−x|p by the triangle inequality. The choice of the an;k yields
|bn − x|p6 |bn − an;k |p for some k. Therefore, since
g+ an;k = (g+ x)− (x − bn)− (bn − an;k);
the triangle inequality implies the desired conclusion |g+ x|p6 |g+an;k |p. By Lemma
4.1, (∈ S so that the case ( = * is excluded. It remains to deal with the case (¿*.
Under this assumption, g∈G( and by the choice of the B, for each prime p, there is
a z ∈G( such that x+ z ∈B( and |x+ g|p6 |x+ z|p. Then, by the triangle inequality,
|g+ x|p6 |g− z|p. Observe that since (∈ S, z ∈G(S) with +(z)¡( and our induction
hypothesis implies that there is an (n; k)∈ " × " such that |g + x|p6 |g − z|p6 |g +
an;k |p.
Theorem 4.3. If {G}¡ is an F()-family in the global group G with each G an
almost strongly -separable subgroup of G, then there is an H ()-family in G of
almost strongly -separable subgroups.
Proof. As in the previous proof, we let " be the <rst ordinal of cardinality  and
assume that |G+1=G| =  for all ¡. For a given ¡, select a set {xn}n¡"
of representatives for the distinct cosets of G in G+1. Since G is almost strongly
-separable in G, we have for each n a set {bn;k}k¡" ⊆ G such that for each y∈G
there exists a k and a positive integer m with
‖m(xn + y)‖6 ‖m(xn + bn;k)‖:
Now take B to be a subgroup of G+1 of cardinality  that contains all xn and bn;k .
Clearly then, G+1 = G + B. We maintain that the following special condition is
satis<ed: if x∈G+1 and y∈G, then there is a z ∈G with x + z ∈B and a positive
integer m such that ‖m(x + y)‖6 ‖m(x + z)‖. Indeed, for appropriate n and y1 ∈G,
196 C. Megibben, W. Ullery / Journal of Pure and Applied Algebra 187 (2004) 183–205
x + y = xn + y1 and we select a k ¡" such that
‖m(xn + y1)‖6 ‖m(xn + bn;k)‖
for some positive integer m. If we now set z= (y− y1) + bn;k ∈G, then x+ z= xn +
bn;k ∈B and ‖m(x + y)‖6 ‖m(x + z)‖, as claimed.
In view of Lemma 4.2 and the fact that the intersection of two H ()-families is an
H ()-family, it suLces to establish the following: if S is a closed subset of  and if
g∈G \G(S), then there is a subset {an}n¡" ⊆ G(S) such that for each x∈G(S) there
exist an n¡" and a positive integer m such that ‖m(g + x)‖6 ‖m(g + an)‖. As in
the proof of Lemma 4.2, we establish this by induction on +(g), where g is selected
in the coset g+G(S) with *= +(g) minimal. Consequently, * ∈ S. Since G* is almost
strongly -separable in G, there is a subset {bn}n¡" of G* satisfying the following
condition: for each x∈G* there is an n¡" and a positive integer m such that ‖m(g+
x)‖6 ‖m(g+ bn)‖. Since +(bn)¡*= +(g) for all n, our implicit induction hypothesis
implies that we have subsets {an;k}k¡" ⊆ G(S) such that for each nonzero x∈G(S)
there is a k ¡" and a positive integer m such that ‖m(bn + x)‖6 ‖m(bn − an;k)‖.
We claim that the set {an;k}n¡";k¡" (of cardinality not exceeding ) has the desired
property that, for each x∈G(S), there exists (n; k)∈ "×" and a positive integer m such
that ‖m(g+ x)‖6 ‖m(g+an;k)‖. As in the proof of Lemma 4.2, a secondary induction
on the ordinal (= +(x) is required. Assume <rst that (¡* and so x∈G*. Then there
is an n¡" and a positive integer m such that ‖m(g+ x)‖6 ‖m(g+ bn)‖, from which
the triangle inequality implies ‖m(g+ x)‖6 ‖m(bn− x)‖. The choice of the an;k yields
a k ¡" and a positive multiple m1 of m such that ‖m1(bn − x)‖6 ‖m1(bn − an;k)‖.
Therefore, since
g+ an;k = (g+ x) + (bn − x)− (bn − an;k);
the triangle inequality yields the desired conclusion ‖m1(g+x)‖6 ‖m1(g+an;k)‖. Since
(∈ S by Lemma 4.1, the case ( = * is once again excluded. Assuming that (¿*,
g∈G( and, by the choice of the B, there is a z ∈G( such that x+ z ∈B( and ‖m(x+
g)‖6 ‖m(x+ z)‖ for some positive integer m. Then, by the triangle inequality, ‖m(g+
x)‖6 ‖m(g − z)‖. Since (∈ S and z ∈G(S) with +(z)¡(, our induction hypothesis
implies that there exists an (n; k)∈ " × " and a positive multiple m1 of m such that
‖m1(g+ x)‖6 ‖m1(g− z)‖6 ‖m1(g+ an;k)‖.
5. Almost balanced subgroups
Suppose that H is an isotype knice subgroup of a global War<eld group G and that
+ is the smallest cardinal with ¡+. In this section, we prove a theorem that will
play a pivotal role in our proof of Theorem 6.3. Precisely, in Theorem 5.9, we show
that H has an H ()-family of almost strongly -separable subgroups if and only if
G=H has an H (+)-family of almost strongly +-separable subgroups. We begin with
a de<nition.
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Denition 5.1. A subgroup N of a global group G is called almost balanced in G if
the following conditions are satis<ed:
(a) N is nice in G.
(b) To each g∈G, there corresponds a positive integer m such that the coset mg+N
contains an element x with ‖x‖G = ‖mg+ N‖G=N .
It follows from Proposition 1.6 that every knice subgroup of G is almost balanced in
G, and an almost balanced subgroup N is knice in G if and only if G=N is a k-group.
Lemma 5.2. If H and N are almost balanced subgroups of the global group G with
H isotype in G and H ‖N , then H ∩ N is almost balanced in both H and G.
Proof. We begin by showing that H∩N is almost balanced in H . To see that H∩N is a
nice subgroup of H , suppose that h+(H∩N )∈p(H=(H∩N )) and ph∈pH+(H∩N )
for some prime p and ordinal . Note that h+N ∈p(G=N ) and ph∈pG+N . Thus,
since N is nice in G, h= z + x where z ∈pG and x∈N . Then, h− x∈pG and, by
local compatibility, there is an x′ ∈H ∩N such that 6 |h−x|Gp6 |h−x′|Gp = |h−x′|Hp .
Hence h= (h− x′) + x′ ∈pH + (H ∩ N ) and we conclude that H ∩ N is nice in H .
To complete the proof that H ∩ N is almost balanced in H , we show that H ∩ N
satis<es condition (b) of De<nition 5.1 as a subgroup of H . That is, for a given h∈H ,
we need to show that there is positive integer m and an h′ ∈H ∩ N such that
‖mh+ (H ∩ N )‖H=(H∩N ) = ‖mh+ h′‖H : (1)
In order to do this, we use the hypothesis that N is almost balanced in G to obtain a
positive integer k and y∈N with
‖kh+ N‖G=N = ‖kh+ y‖G:
Then, since H ‖N , there is a positive integer l such that
‖l(kh+ y)‖G6 ‖lkh+ h′‖G
for some h′ ∈H ∩ N . Therefore,
‖lkh+ (H ∩ N )‖H=H∩N 6 ‖lkh+ N‖G=N = ‖l(kh+ y)‖G
6 ‖lkh+ h′‖G = ‖lkh+ h′‖H 6 ‖lkh+ (H ∩ N )‖H=H∩N :
and we obtain (1) by taking m= lk.
We now turn to the proof that H∩N is almost balanced in G. To show that H∩N is a
nice subgroup of G, suppose that g+(H∩N )∈p(G=(H∩N )) and pg∈pG+(H∩N )
for some prime p and ordinal . Since both H and N are nice subgroups of G, we can
write g=z1+h=z2+x where z1; z2 ∈pG, h∈H and x∈N . Then, h−x=z2−z1 ∈pG
and, by local compatibility, we have an h′ ∈H ∩N such that 6 |h− x|p6 |h− h′|p.
Thus, g= (z1 + (h− h′)) + h′ ∈pG+ (H ∩N ) and we conclude that H ∩N is a nice
subgroup of G.
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Next we show that condition (b) of De<nition 5.1 is satis<ed by H ∩ N regarded
as a subgroup of G. Given g∈G, we <rst utilize the fact that N and H are almost
balanced subgroups of G to choose a positive integer k, x∈N and h∈H such that
‖kg + N‖G=N = ‖kg + x‖ and ‖kg + H‖G=H = ‖kg + h‖. (Observe there is no loss of
generality by using the same integer k in each of the last two equations.) Now, since
H ‖N , there is a positive integer m and an h′ ∈H ∩ N such that
‖m(x − h)‖6 ‖mx − h′‖ ∧ ‖mh− h′‖: (2)
We shall show that
‖kmg+ h′‖= ‖kmg+ (H ∩ N )‖G=(H∩N )
and thereby complete the proof that (b) is satis<ed. Since
‖kmg+ mx‖ ∧ ‖kmg+ mh‖ = ‖kmg+ N‖G=N ∧ ‖kmg+ H‖G=H
¿ ‖kmg+ (H ∩ N )‖G=(H∩N );
it suLces to verify that
‖kmg+ h′‖¿ ‖kmg+ mx‖ ∧ ‖kmg+ mh‖: (3)
By three applications of the triangle inequality,
‖m(x − h)‖¿ ‖kmg+ mx‖ ∧ ‖kmg+ mh‖ (4)
and
‖kmg+ h′‖¿ (‖kmg+ mx‖ ∧ ‖mx − h′‖) ∧ (‖kmg+ mh‖ ∧ ‖mh− h′‖):
Finally, applying (2) and (4) to calculate the last term, we obtain (3).
Lemma 5.3. If N is an almost balanced pure subgroup of a global group G, then
p(G=N ) = (pG + N )=N
for all primes p and ordinals .
Proof. Suppose that g + N ∈p(G=N ) for some prime p and ordinal . We need
to show that g + N ∈ (pG + N )=N . By condition (b) of De<nition 5.1, there is a
positive integer m with (mg+N )∩m(pG) = ∅. Thus, mg∈m(pG) +N and we can
write mg = my + x where y∈pG and x∈N . Since x∈mG ∩ N and N is pure in
G, x = mx′ for some x′ ∈N . We now have g− x′ = y + g1 with g1 ∈G[m]. Note that
g1 + N ∈p(G=N ). Moreover, if we decompose g1 into its primary components and
observe that pG contains every element of <nite order relatively prime to p, we obtain
g1+N=z+w+N where z has order a power of p and w∈pG. Then, z+N ∈p(G=N )
and, because N is nice in G, z+N ∈ (pG+N )=N . Therefore, g1 +N ∈ (pG+N )=N
and we have the desired conclusion g+ N = (y + g1) + N ∈ (pG + N )=N .
Lemma 5.4. Suppose that N and M are subgroups of G with N ⊆ M . If M is an
almost balanced pure subgroup of G, then M=N is an almost balanced pure subgroup
of G=N .
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Proof. It is clear that M=N is pure in G=N . Moreover, it follows from Lemma 5.3 that
M=N is nice in G=N . Indeed, even more is true:
p((G=N )=(M=N )) =
p(G=N ) + (M=N )
M=N
for all primes p and ordinals . Also, M=N inherits from M the property required by
condition (b) of De<nition 5.1 since ‖mg+N + (M=N )‖(G=N )=(M=N ) = ‖mg+M‖G=M for
all g∈G and positive integers m.
Lemma 5.5. Suppose that N is an almost balanced pure subgroup of a global group
G and that K is a subgroup of G that contains N. Then, K is almost strongly
-separable in G if and only if K=N is almost strongly -separable in G=N .
Proof. We begin by showing that K is locally -separable in G if and only if K=N is
locally -separable in G=N . To this end, suppose <rst that K is locally -separable in
G. If  is the smallest ordinal of cardinality , then for a given g+N ∈G=N and prime
p, there corresponds a subset {c}¡ ⊆ K with the following property: if y∈K , then
|g + y|p6 |g + c|p for some ¡. Assume now that c + N is an arbitrary element
of K=N . Applying Lemma 5.3, there is a z ∈N such that
|(g+ c) + N |G=Np = |g+ c + z|Gp6 |g+ c|Gp6 |(g+ c) + N |G=Np
for some ¡. It is now clear that {c+N}¡ ⊆ K=N satis<es the requisite conditions
for g+ N and p, and we conclude that K=N is locally -separable in G=N .
Conversely, if K=N is locally -separable in G=N , for a given g∈G and prime p
select a subset {c +N}¡ ⊆ K=N with the following property: if c+N ∈K=N , there
exists ¡ such that |(g+ c) + N |G=Np 6 |(g+ c) + N |G=Np . By Lemma 5.3, for each
¡, there is a z ∈N such that |(g+ c) + N |G=Np = |g+ c + z|Gp . Thus, if c∈K ,
|g+ c|Gp6 |(g+ c) + N |G=Np 6 |(g+ c) + N |G=Np = |g+ (c + z)|Gp
for some ¡. Therefore, {c + z}¡ ⊆ K satis<es the conditions necessary for us
to conclude that K is locally -separable in G.
To complete the proof, <rst suppose that K is almost strongly -separable in G. Then,
by what we have just shown above, K=N is locally -separable in G=N . Moreover,
given g + N ∈G=N , we can select a corresponding subset {c}¡ ⊆ K with the
following property: if y∈K , then ‖m(g + y)‖6 ‖m(g + c)‖ for some ¡ and
positive integer m. Assume now that c + N is an arbitrary element of K=N . Since
N is an almost balanced pure subgroup of G, there is a positive integer m so that
‖m(g+c)+N‖G=N=‖m(g+c+z)‖ for some z ∈N . Moreover, replacing m by a positive
multiple of itself if necessary, there is an ¡ such that ‖m(g+c+z)‖6 ‖m(g+c)‖.
Therefore,
‖m(g+ c) + N‖G=N 6 ‖m(g+ c)‖6 ‖m(g+ c) + N‖G=N :
It is now clear that {c + N}¡ satis<es the requisite properties for g + N , and we
conclude that K=N is almost strongly -separable in G=N .
Conversely, suppose that K=N is almost strongly -separable in G=N . Then K is
locally -separable in G and, for a given g∈G, we can select a subset {c + N}¡
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of K=N with the following property: if c + N ∈K=N , there exists an ¡ and a
positive integer m such that ‖m(g+ c)+N‖G=N 6 ‖m(g+ c)+N‖G=N . For each ¡,
choose m to be the smallest positive integer for which there exists a z ∈N with
‖m(g+ c) + N‖G=N = ‖m(g+ c + z)‖. Now given c∈K , select a positive integer
l and an ¡ such that
‖l(g+ c) + N‖G=N 6 ‖l(g+ c) + N‖G=N :
Then
‖lm(g+ c)‖6 ‖lm(g+ c) + N‖G=N = ‖lm(g+ c + z)‖
and we conclude that the subset {c + z}¡ ⊆ K satis<es the requisite properties for
g∈G. Hence K is almost strongly -separable in G.
Lemma 5.6. Suppose that N is an almost balanced pure subgroup of G and that A
and B are subgroups of G with N ⊆ A∩B. If (A=N ) ‖ (B=N ) in G=N , then A ‖B in G.
Proof. Suppose a∈A and that b∈B. If p is a prime, the local compatibility of A=N
and B=N implies that |(a + b) + N |G=Np 6 |(a + c) + N |G=Np for some c∈A ∩ B. An
application of Lemma 5.3 then yields
|a+ b|Gp6 |(a+ b) + N |G=Np 6 |(a+ c) + N |G=Np = |a+ (c + z)|Gp
for some z ∈N . Since c + z ∈A ∩ B, we have shown A and B are locally compatible.
To see that actually A ‖B, observe that (A=N ) ‖ (B=N ) in G=N implies that, for each
pair (a; b)∈A × B, there is a positive integer m and c∈A ∩ B with ‖m(a + b) +
N‖G=N 6 ‖(ma + c) + N‖G=N . Also, because N is almost balanced in G, there is a
positive integer k and z ∈N such that
‖k(ma+ c) + N‖G=N = ‖k(ma+ c) + z‖G:
Therefore,
‖km(a+b)‖G6‖km(a+ b)+N‖G=N6‖k(ma+c)+N‖G=N =‖kma+ (kc+ z)‖G:
Since kc + z ∈A ∩ B, the proof is complete.
Proposition 5.7. Suppose that H is an isotype subgroup of a global group G. If
H has a G()-family of almost strongly -separable subgroups, and if each subset
K ⊆ H with |K |6 + is contained in an almost balanced pure subgroup B of H with
|B|6 +, then H is almost strongly +-separable in G.
Proof. Since H has an H ()-family of locally -separable subgroups by Lemma 4.2,
the proof of Theorem 2.6 in [2] can be adapted to show that H is at least lo-
cally +-separable in G. But suppose to the contrary that H is not almost strongly
+-separable in G. Then, there exists g∈G such that, for each subset C ⊆ H with
|C|6 +, there is a corresponding h∗ ∈H such that the inequality ‖m(g+x)‖¿ ‖m(g+
h∗)‖ fails for all positive integers m and x∈C.
Because we now know that H is pure and locally +-separable in G, for each prime
p, nonnegative integer k and positive integer m, we can select a subset K(p;k;m) ⊆ H
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such that |K(p;k;m)|6 + and, for each y∈H , there is a corresponding x∈K(p;k;m) with
the property that |pkm(g+x)|p¿ |pkm(g+y)|p. Take K=
⋃
K(p;k;m), where the union
runs over all triples (p; k; m), and note that |K |6 +. By hypothesis, we can select an
almost balanced pure subgroup B of H such that K ⊆ B and |B|6 +.
We complete the proof of the proposition by deriving a contradiction. First, by
our choice of g and the fact that |B|6 +, there exists an h∗ ∈H such that ‖m(g +
x)‖¿ ‖m(g + h∗)‖ fails for all positive integers m and x∈B. Moreover, B is a pure
almost balanced subgroup of H . Therefore, we may select and <x a positive integer
m and an h′ ∈B such that ‖m(h∗ − h′)‖¿ ‖m(h∗ + x)‖ for all x∈B. With h′ and m
so chosen, ‖m(g+ h′)‖¿ ‖m(g+ h∗)‖ fails. Thus, for some prime p and nonnegative
integer k, we have that |pkm(g + h′)|p  |pkm(g + h∗)|p. Also, by our choice of
K , |pkm(g + h∗)|p6 |pkm(g + h′′)|p for some h′′ ∈K . However, this leads to the
contradiction
|pkm(g+ h′)|p  |pkm(h∗ − h′′)|p6 |pkm(h∗ − h′)|p = |pkm(g+ h′)|p
as desired.
We are now in position to prove a key result needed in the proof of Theorem 5.9.
Proposition 5.8. Suppose that H is an isotype knice subgroup of a global War7eld
group G. If H has a G()-family CH consisting of almost strongly -separable pure
subgroups, then G has a G(+)-family C of pure knice subgroups with the properties
that H ‖N and (H + N )=N is almost strongly +-separable in G=N for all N ∈C.
Proof. Since G is a global War<eld group, there is an G(ℵ0)-family in G consisting
of pure knice subgroups. As it is clear that any G(ℵ0)-family is a G()-family for
every in<nite cardinal , it follows that there is a G()-family CG in G consisting
of pure knice subgroups and with the property that H ∩ N ∈CH for all N ∈CG. We
claim that C= {N ∈CG : H ‖N} has the desired properties. It is clear that C contains
the trivial subgroup 0 and is closed under unions of ascending chains. Thus, we need
to show that if N ∈C and if S is any subset of G with |S|6 +, then there is an
M ∈C that contains 〈N; S〉 and with the property that |M=N |6 +. Also, during the
course of verifying the latter property, we shall see that (H +N )=N is almost strongly
+-separable in G=N . Throughout the remainder of the proof, N will be <xed.
Since N ∈C, Lemma 5.2 and our choice CG imply that H ∩N is an almost balanced
pure subgroup of both H and G. Now set
CH=(H∩N ) = {C=(H ∩ N ): C ∈CH and H ∩ N ⊆ C}:
Note that CH=(H∩N ) is a G()-family in H=(H ∩N ). Moreover, it follows from Lemma
5.5 that CH=(H∩N ) consists of almost strongly -separable subgroups of H=(H ∩ N ).
We claim that H=(H ∩ N ) satis<es the condition that each subset K ⊆ H=(H ∩ N ) of
cardinality not exceeding + is contained in an almost balanced pure subgroup B of
H=(H ∩ N ) with |B|6 +.
To establish the claim, select a subset K ⊆ H such that |K |6 + and K = {x +
(H ∩ N ): x∈K}. Now, since H=(H ∩ N ) is a pure knice subgroup of G=(H ∩ N )
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by Corollary 2.3 of [8], H=(H ∩ N ) is almost strongly +-separable in G=(H ∩ N )
by Remark 3.2 of [9]. Thus, by means of an interlacing construction, we obtain an
N ′ ∈CG such that 〈H ∩ N; K〉 ⊆ N ′, |N ′=N |6 + and (H=(H ∩ N )) ‖ (N ′=(H ∩ N )).
Indeed, using the almost strong +-separability of H=(H ∩N ) and Lemma 3.1, we can
select a subgroup M0 of G with the properties that 〈H∩N; K〉 ⊆ M0, |M0=(H∩N )|6 +
and (H=(H ∩N )) ‖ (M0=(H ∩N )). Then, |(N+M0)=N |6 + so there is an N ′0 ∈CG that
contains N + M0 and with the property that N ′0=N has cardinality not exceeding 
+.
(Thus, |(H ∩N ′0)=(H ∩N )|6 +.) Continuing in this manner, we obtain an ascending
sequence
〈H ∩ N; K〉 ⊆ M0 ⊆ N ′0 ⊆ M1 ⊆ N ′1 ⊆ · · · ⊆ Mk ⊆ N ′k ⊆ · · · (k ¡!0)
of subgroups of G such that the following conditions are satis<ed for all k ¡!0.
(1) N ′k ∈CG.
(2) (H=(H ∩ N )) ‖ (Mk=(H ∩ N )).
(3) N ⊆ N ′k and |N ′k =N |6 +.







k¡!0 Mk . Since almost strong compatibility is an inductive relation,
note that condition (2) implies that (H=(H ∩ N )) ‖ (N ′=(H ∩ N )) Thus, from Lemma
5.6, we have that H ‖N ′. Therefore, if we set
B= (H ∩ N ′)=(H ∩ N );
then K ⊆ B and |B|6 +. Moreover, B is an almost balanced pure subgroup of
H=(H ∩ N ) by Lemma 5.2 and Lemma 5.4. This establishes the claim made in the
previous paragraph.
To complete the proof, note that since H is an isotype subgroup of G, N is a pure
knice subgroup of G and H ‖N , Lemma 4.2(ii) of [8] implies that (H + N )=N is an
isotype subgroup of G=N . We conclude that the canonical isomorphism (H + N )=N ∼=
H=(H ∩N ) (in conjunction with what we have shown above) implies that (H +N )=N
satis<es all the hypotheses of Proposition 5.7 as a subgroup of G=N . Thus, (H +N )=N
is almost strongly +-separable in G=N . Now if S ⊆ G with |S|6 +, a routine
interlacing argument using Lemma 3.1 shows that there is a subgroup M ∈CG such
that 〈N; S〉 ⊆ M , |M=N |6 + and ((H + N )=N ) ‖ (M=N ). Lemma 3.2 now applies to
give H ‖M . Therefore, M ∈C and the proof is complete.
Finally, we have the main result of this section.
Theorem 5.9. Suppose that H is an isotype knice subgroup of a global War7eld group
G. Then, H has an H ()-family of almost strongly -separable subgroups if and only
if G=H has an H (+)-family of almost strongly +-separable subgroups.
Proof. First suppose that H has an H ()-family of almost strongly -separable sub-
groups. Recalling that any H ()-family is a G()-family, H has a G()-family CH of
almost strongly -separable subgroups. Since the set of all pure subgroups of H is a
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G()-family, we may also assume that all the members of CH are pure in H . From
Proposition 5.8, it follows that G has a G(+)-family CG of pure knice subgroups with
the additional property that (H +N )=N is almost strongly +-separable in G=N for all
N ∈CG. Extract an F(+)-family C′G from CG and set D = {(H + N )=H : N ∈C′G}.
Clearly D is an F(+)-family in G=H . Thus, in view of Theorem 4.3, to show that
G=H has an H (+)-family of almost strongly +-separable subgroups we need only
show that all the members of D are almost strongly +-separable in G=H . However,
if N ∈C′G, two applications of Lemma 5.5 beginning with (H + N )=N imply that
(H + N )=H is almost strongly +-separable in G=H .
Conversely, let D be an H (+)-family of almost strongly +-separable subgroups
of G=H , and select an G(ℵ0)-family C0 in G consisting of pure knice subgroups.
If / :G  G=H is the canonical map, [2, Lemma 1.3(b)] implies that there is an
H (+)-family C1 of G such that D= {/(N ): N ∈C1}. Set CG=C0∩C1. Then, CG is
a G(+)-family of pure knice subgroups of G such that, for each N ∈CG, (H +N )=H
is an almost strongly +-separable subgroup of G=H . By two applications of Lemma
5.5, (H +N )=N is almost strongly +-separable in G=N for all N ∈CG. It now follows
from Lemma 3.3 that
C = {N ∈CG: N ‖H}
is a G(+)-family in G. Moreover, since the set of all pure subgroups of H is a
G(+)-family in H , there is no harm in assuming that N ∩ H is pure in H for all
N ∈C. Extract an F(+)-family {N}¡ from C and set CH={N∩H}¡. Since each
N is a pure knice subgroup of G, each N is almost strongly -separable in G by [9,
Remark 3.2]. Since N ‖H and N∩H is pure in H for all , it follows from Lemma 3.4
that CH is an F(+)-family in H consisting of almost strongly -separable subgroups.
Since any extension of an almost strongly -separable subgroup by a subgroup of
cardinality not exceeding  is again almost strongly -separable, CH can be re<ned to
an F()-family of almost strongly -separable subgroups of H . Another application of
Theorem 4.3 completes the proof.
6. Proof of Theorem 6.3
A corollary of our next result starts an inductive proof of Theorem 6.3.
Proposition 6.1. Suppose that H is an isotype knice subgroup of a global War7eld
group G and that G=H has a decomposition basis. Then, H is a global War7eld
group if and only if G=H has an H (ℵ0)-family D of almost strongly ℵ0-separable
subgroups.
Proof. If H is a global War<eld group, then G=H has an H (ℵ0)-family of almost
strongly ℵ0-separable subgroups by [9, Theorem 4.9].
Conversely, suppose that G=H has an H (ℵ0)-family D of almost strongly ℵ0-
separable subgroups. Since H has a decomposition basis by Theorem 2.3, Theorem
5.2 of [8] asserts that H is a global War<eld group if and only if G satis<es Axiom 3
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over H with respect to locally ℵ0-separable groups; that is, G has a G(ℵ0)-family C
of knice subgroups such that (H +N )=N is locally ℵ0-separable in G=N for all N ∈C.
From [2, Lemma 1.3(b)], G has an H (ℵ0)-family C0 such that
D= {(H + N )=H : N ∈C0}:
Select a G(ℵ0)-family C1 in G consisting of pure knice subgroups and set C =
C0 ∩ C1. Then, C is a G(ℵ0)-family of pure knice subgroups in G with the property
that (H + N )=H is an almost strongly ℵ0-separable subgroup of G=H for all N ∈C.
By two applications of Lemma 5.5, (H + N )=N is almost strongly ℵ0-separable in
G=N for each N ∈C. In particular, (H +N )=N is locally ℵ0-separable in G=N for each
N ∈C.
Corollary 6.2. If K is a global group with a decomposition basis, then dimK6 1 if
and only if K has an H (ℵ0)-family of almost strongly ℵ0-separable subgroups.
Proof. Select a sequentially pure short exact sequence H  G  K with G a global
War<eld group. Then, since K is a k-group, it follows from [6, Proposition 1.9] that
H is an isotype knice subgroup of G. If dimK6 1, then H is a War<eld group,
and so G=H ∼= K has an H (ℵ0)-family of almost strongly ℵ0-separable subgroups by
Proposition 6.1. Conversely, if K has an H (ℵ0)-family of almost strongly ℵ0-separable
subgroups, another application of Proposition 6.1 shows that H is a War<eld group.
Hence, dimH = 0 and we have that dimK6 1.
We now are in position to prove our main theorem.
Theorem 6.3. Suppose that K is a global group with a decomposition basis and
that n is an arbitrary positive integer. Then, dimK6 n if and only if K has an
H (ℵn−1)-family of almost strongly ℵn−1-separable subgroups.
Proof. The proof proceeds by induction on n. Since the theorem holds for n = 1 by
Corollary 6.2, we may assume that n¿ 2. Let H  G  K be a sequentially pure
short exact sequence where G is a global War<eld group. Because H is sequentially
pure in G and K ∼= G=H is a k-group, H is an isotype knice subgroup of G. Moreover,
H has a decomposition basis by Theorem 2.3.
First, if dimK6 n, then dimH6 n− 1 and our induction hypothesis applies to H .
Thus, H has a H (ℵn−2)-family of almost strongly ℵn−2-separable subgroups. and Theo-
rem 5.9 asserts that K ∼= G=H has an H (ℵn−1)-family of almost strongly ℵn−1-separable
subgroups. Conversely, if K has an H (ℵn−1)-family of almost strongly ℵn−1-separable
subgroups, another application of Theorem 5.9 implies that H has an H (ℵn−2)-family
of almost strongly ℵn−2-separable subgroups. Therefore, our induction hypothesis im-
plies that dimH6 n− 1, and so dimK6 n.
Corollary 6.4. If K is a global group with a decomposition basis and if |K |6ℵn for
some nonnegative integer n, then dimK6 n.
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Proof. If n=0, then K is a global War<eld group by [6, Theorem 3.2] and so dimK=0.
If n¿ 1, we may assume that |K |= ℵn and select a smooth ascending chain
0 = N0 ⊆ N1 ⊆ · · · ⊆ N ⊆ · · · (¡!n)
of subgroups of K with
⋃
¡!n N = K and |N|6ℵn−1 for all . Observe that
each N is an almost strongly ℵn−1-separable subgroup and that {N}¡!n is an
F(ℵn−1)-family in K . Therefore, by Theorem 4.3, K has an H (ℵn−1)-family of al-
most strongly ℵn−1-separable subgroups. The corollary now follows from Theorem
6.3.
Remark 6.5. Suppose that K is a global group with a decomposition basis. Even though
Theorem 6.3 is stated in terms of an inequality, we have ePectively computed dimK .
Indeed, dimK=0 if and only if K is a global War<eld group, while dimK=n¿ 1 if and
only if n is the smallest positive integer such that K has an H (ℵn−1)-family of almost
strongly ℵn−1-separable subgroups; and no such n exists if and only if dimK =∞.
In conclusion, we note that for each nonnegative integer n there exists a group K
with a decomposition basis such that the equality dimK = n holds. Indeed, as shown
in [2], there is always such a K even in the torsion case. It was also shown there that
dimK =∞ is possible.
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